Abstract In this paper all vacuum metrics with a four-parameter homothety group containing a three-dimensional Abelian subgroup are found. These include the Kasner family of metrics, metrics related to the Kasner family by complex transformations (which include a family of vacuum metrics found by Lewis in 1932 and includes a metric found by Petrov in 1962 to be the only vacuum metric which admits a simply-transitive four-parameter isometry group), together with algebraically degenerate van Stockum, pp-wave and plane-wave metrics. Apart from the planewave metric, all the other metrics are written here as one general family.
Introduction
This paper is concerned with space-times (M, g) that admit a simply-transitive group of homotheties, i.e. a four-dimensional Lie group H 4 of transformations of M with four-dimensional orbits such that for all φ ∈ H 4 , φ g = κ φ g for some constant κ φ , or, equivalently, a four-dimensional Lie algebra H 4 of vectors spanning the tangent space T p M at each event p and such that for all X ∈ H 4 , L X g = 2ψ X g for some constant ψ X called the divergence of X. We will not exclude the possibility that the space-time admits further (independent) homotheties, we just assume there is, at least, a transitive H 4 . In [17] a method was given for finding such space-times, and it was shown there there that all such vacuum solutions whose Weyl tensor is algebraically degenerate -with the exception of the singular type III metric and plane waves -admit an Abelian G 3 of motions (equivalently, an Abelian G 3 of Killing vectors) acting on 3-dimensional non-null orbits. In this paper the following result is proved: All cases of metric (1) admit the obvious Killing vector field ∂ x and the homothety
Theorem: All vacuum metrics admitting at least an Abelian
which has divergence 3κ 2 + 4µν. The remaining Killing vector fields generating the Lie algebra of the Abelian G 3 can be written as follows:
The first step of the proof is to note that the orbits of the G 3 must be 3-dimensional, otherwise these orbits would be of constant curvature and the motion group consequently non-Abelian. Secondly, we recall that no non-flat metric with a G 3 of any algebraic type acting transitively on non-null orbits admits an intransitive, proper H 4 [6] , and so either there is a transitive H 4 or there is a larger homothety group. The latter possibility in vacuum implies that the space-time is either a Petrov type D Kasner solution with a transitive H 5 containing a transitive H 4 which itself has a Abelian G 3 subgroup [17] , or is a plane wave with either an intransitive H 6 or a transitive H 7 (which may or may not contain a transitive H 4 ) [6] . In the sequel we will always assume we have a transitive H 4 containing the Abelian G 3 forming a (possibly proper) subgroup of the full homothety group.
We prove the rest of the theorem by considering the various possibilities for the structure of the homothety group. As the subgroup G 3 of motions is normal in H 4 , so that the algebra G 3 of Killing vectors is an ideal of H 4 , the effect, via Lie bracket, of the homothety H (there is essentially only one) on a set of generators of G 3 is a linear transformation T on this vector space. We can therefore classify the algebras H 4 by the Segre type of T , which is clearly a geometric property of the metric. There are four possibilities for a linear transformation of a three-dimensional real vector space (excluding degeneracies): [1,1,1] (diagonable over Ê), [z,z,1] (diagonable over ), [2, 1] and [3] . These form the four cases.
For each Segre type we can find a canonical set of generators for the H 4 : any set will do by Lie's theorems. For the G 3 I we will begin by taking the generators to be ∂ x , ∂ y and ∂ z , where {w, x, y, z} are the coordinates on the space-time M -we will always assume the coordinates are in this order. The other generator, which will be the homothety, depends on the Segre type. In the respective cases this will be taken as
[2, 1] :
Now any space-time (M, g) whose metric g admits such a group structure, whether vacuum or not, must be a conformal scaling of a metric with a simply-transitive group of motions containing a three-dimensional normal Abelian subgroup. This follows as we can scale g by e −2σ where σ satisfies the system L K σ = 0, L H σ = −ψ, for each Killing vector K and homothetic vector H with divergence ψ. This system is essentially one ordinary differential equation for σ and has a smooth solution in any neighbourhood of any event p of M : cf. [2] , [3] and [7] . The scaled metric e −2σ g admits a G 3 I G 4 ; in Petrov's terminology [14] it admits a G 4 V I. A look at Petrov's metrics show that the correspondence is 
using Petrov's notation for the constants, where we have scaled his x 4 to normalise the w1 2 term, and thus allowed for his eigenvalue of T (corresponding to our m) to be arbitrary. The three cases are then given by the following conditions on the forms in equation (2):
We can simplify the forms w3 and w4 defined above by using the following coordinate changes
to give
We will use both coordinate systems (which cover the same coordinate patches) in calculating the vacuum field equations, dropping the carets for convenience. The first coordinate system will be referred to as the "Petrov coordinates". In the other coordinate system the generators of the Abelian ideal are
and the "homothetic" vector is ∂ w + mx∂ x + ky∂ y + lz∂ z .
In each case we see that the required scaling factor σ to give a homothety is ψw. The metrics with the H 4 are then, say, e 2pw times the above metrics, which would be equivalent to multiplying each of the forms by e pw . Alternatively, to simplify the field equations, we can absorb the e pw factors into the definition of the forms w2 etc., so that the metric has the shape of equation (10) but with w1 = e pw dw w2 = e kw dy w3 = e mw (dx − s 2 z dw) w4 = e lw (dz + s 1 y dw) (14) in the second coordinate system with the same conditions for the various Segre types of T as above. The homothety is, in the second coordinate system, with these exponentials,
case, for example; there are similar changes in the other cases.
[3] case
The [3] case (and the [2, 1] case dealt with below) permit coordinate changes with the obvious scalings of the x, y and z coordinates which can be used to normalise constants. This change follows from the "degeneracy" of the transformation of the vector space G 3 . We can, in the second coordinate system above, set x =x + αy − βz, z =z + βy whence w3 =w3 + αw2 − βw4 and w4 =w4 + βw2. Then either k 11 = 0 (and there is no dx 2 term in the metric) or we can use β and then α to set first k 13 and then k 12 to zero (and there are neither dx dy nor dx dz terms in the metric). Firstly, if k 11 = 0, the equations for R ab = 0 show that the only non-flat metric has m = p = k 13 = 0 and k 12 = −k 33 = 0. This metric is thus
where a = k 33 , b = k 23 , c = k 22 and = ±1. As p = 0, this should be a plane wave [8] ; indeed the null Killing vector field ∂ x is covariantly constant and after suitable null rotations about the principal null direction (PND) dy to a canonical tetrad for a pp-wave we find that dΨ 4 is parallel to the PND. Since in this tetrad d(log Ψ 4 ) is the recurrence vector of the (complex recurrent) Riemann tensor, the metric is a plane wave (see Ehlers & Kundt [4] ).
In the second case, the field equations imply that the only Ricci flat possibility is a singular metric.
Hence if the Segre type of T is [3] , the only possibility is a plane wave metric.
[2,1] case
The [2, 1] case also permits a coordinate change arising from the "degeneracy" of the transformation of the vector space G 3 . In this case we can set z =z + αy, whence in an obvious notation, w4 =w4 + αw2. We conclude that in the [2, 1] case either (1) k 33 = 0 (so that there is no dz 2 term in the metric) or (2) we can set k 23 = 0 (so that there is no dy dz term in the metric).
(1) The coordinate change above is still available. As at least one of k 13 and k 23 are non-zero, we can assume that there are two subcases: either k 23 = k 12 = 0 or k 23 = 0, k 22 = 0.
In the first case a calculation in the Petrov coordinates shows that the Ricci tensor cannot vanish identically if the metric is non-singular, so this case cannot occur in vacuum.
In the second case the only non-flat metrics have k 13 = 0, p = 2k + m, k 12 = 0 and either k = 0 or k = −2m. Thus we have two possible metrics which are, after suitable coordinate scaling,
The first of these is isometric to van Stockum's Petrov type II solution (equation (11.1) of [18] ). The second admits a covariantly constant vector (∂ z ) and is thus a pp-wave (and hence is Petrov type N) but is not a plane wave, as the easy change to harmonic coordinates shows. (Alternatively, a null rotation about the PND dy to a canonical tetrad shows that dΨ 4 is not parallel to the PND in this tetrad.) (2) Two coordinate scalings are available: one in x alone, and the other in y and z together. The metric can be written as
where there must be three minus signs and one plus to account for the -2 signature and where the constant c is non-zero. For the complex null tetrad
where c = 0, the metric is 2θ 1 θ 2 − 2θ 3 θ 4 and the signature can be accounted for by allowing the constants and coordinates to be complex -although this will not, in fact, be important. As the vacuum field equations are satisfied whether or not the constants are real or complex, the curvature quantities are calculated for this tetrad, and the field equations are satisfied as long as both right and left halves of any metric that is found (see, e.g., [13] and following papers); this means here, e.g. that Φ 01 and Φ 10 are not in general complex conjugates.
Calculating the Φ ij with this in mind we find that Φ 01 − Φ 10 (which is now not necessarily the imaginary part of Φ 01 ) implies that either c = −ab(k − m) or p = 2k + m. In the former case Φ 01 + Φ 10 implies that p = 2m + k as c = 0, but then Φ 02 − Φ 20 cannot be zero.
In 
T Diagonal -Coordinate Systems
The two cases [1,1,1] and [z,z,1] (diagonable over Ê and respectively) can largely be treated together. If we use the forms from equation (6) for the [1,1,1] case, then the [z,z,1] case can be considered using the same forms but assuming that two of them are complex conjugates and putting suitable reality conditions on the constants in the metric, e.g. with w2 = w3 we want k 22 = k 11 , k 23 = k 13 and k 12 and k 33 real. As the field equations are essentially indifferent as to whether we work over Ê or , one set of calculations will serve for both cases. We first consider the following coordinate change. In the [z,z,1] case let the coordinates {ζ,ζ, z} (ζ = x + iy complex, z real) span the orbit of the G 3 , so that the generators of the Abelian algebra are ∂ z , ∂ ζ and ∂ζ and the homothety can be taken as ∂ w + (p −η)ζ∂ ζ + (p − η)ζ∂ζ + (p − l)z∂ z where η = q − ir from (1). Then we have forms w1 and w4 above along with the conjugate pair w2 = e ηw dζ, w4 = eη w dζ so that the metric can be written as
with k 3 and A real and with α and β complex. If w2 = ω2 + iω3 (where ω2, ω3 are real) then
ω3 = e qw (sin(rw) dx + cos(rw) dy) and Petrov's metric (32.42) has coordinates {x 4 , x 1 , x 2 , x 3 } corresponding to {w, z, x, y} here and
and the w coordinate has been scaled so that Petrov's D is 1 and the constant r has been introduced. Hence
where k 3 is as above,
We also have a useful coordinate transformation that will simplify the forms, but complicate the Killing vectors. If we let u = x cos(rw) − y sin(rw) and v = x sin(rw) + y cos(rw) then ω2 = e qw (du + rv dw)
ω3 = e qw (dv − ru dw).
In these {w, u, v, z} coordinates, which we will call rotating coordinates, the Abelian G 3 is spanned by ∂ z , cos(rw)∂ u + sin(rw)∂ v and − sin(rw)∂ u + cos(rw)∂ v . The homothety can then be taken as
In these rotating coordinates we can perform the coordinate change u = u + α v, v = v − α u, whence ω2 = ω2 + α ω3 and ω3 = ω3 − α ω2 in an obvious notation. From these we find that we can either set k 4 = 0 or we can set one of the constants k 5 or k 6 to zero. Without loss of generality we assume that k 6 = 0.
The we find that
We will also refer to these w, u, v, z coordinates as rotating coordinates. In these coordinates the Abelian G 3 is generated by ∂ z , cosh(rw)∂ u + sinh(rw)∂ v and sinh(rw)∂ u + cosh(rw)∂ v , and the homothety is
The metric (10) takes the form
where
In these coordinates we have manufactured an apparent degeneracy in T , and we get the useful coordinate transformation u = u + αv, v = v + αu where α 2 = 1, and as in the previous cases we can use this transformation to remove one of the l i ; in general only l 5 or l 6 can always be set to zero.
Zero Diagonal Term
Our treatment of the T diagonal cases will be in three parts. Firstly, we consider metrics where one of the terms on the diagonal of the metric in Petrov coordinates is zero. Secondly, we consider the possibility that two of the constants m, k and l in the Petrov coordinates for the [1, 1, 1] case are equal -a similar situation clearly cannot arise in the [z,z, 1] case -so there is an eigenvalue degeneracy in T . Finally, we assume that neither of the above two possibilities hold and treat the general case.
We first note that if the [1,1,1] metric in Petrov coordinates is diagonal (which corresponds in rotating coordinates to l 2 = l 3 , l 5 = l 6 = 0), we have Kasner solutions [9] , which are well known, and if in the [z,z, 1] metric in (complex) Petrov coordinates is diagonal (which corresponds in rotating coordinates to k 2 = −k 1 , k 5 = k 6 = 0), we have solutions due to Lewis [10] (see [12] , where their relationship with Kasner metrics is discussed and they are called windmill metrics). Hence, if the field equations lead us to these metrics we will consider ourselves through. Both these cases, which are equivalent over the complex field, can be cast into the form of metric (1), essentially by transforming to rotating coordinates, and then the field equations give the form of the constants, see [11] , [12] .
Otherwise there are the three cases enumerated above.
If one (or more) of the k ii are zero we will consider the two cases (over Ê and over ) separately.
In the former case the three orbit coordinates are equivalent, and so we can assume that k 11 = 0. In the latter case we have two possibilities: suppose that w2 = w3; then the two cases to be considered are k 11 = (k 22 ) = 0 and k 33 = 0. In this latter case we have k 3 = k 4 = 0 in rotating coordinates. If k 11 (≡ α) is zero then in rotating coordinates k 2 = k 1 = 0 and k 4 = 0. These conditions are clearly preserved under the linear coordinate change above.
(1). For [1,1,1] we assume without loss of generality that k 11 = 0. A calculation in Petrov coordinates shows that R 11 = 0 ⇐⇒ k 12 k 13 (k − l) = 0. The non-degeneracy of the metric implies that both k 12 and k 13 cannot be zero, and as y and z are essentially equivalent, we assume that either k 12 = 0 and k 13 = 0 or k = l. However in this latter case a linear coordinate transformation in y and z exists that will remove the k 12 term, so we can assume in any case that k 12 = 0, and from there the only non-flat metrics either have p = k + l + m, which apparently leads to four metrics all of which can be shown to be type D Kasner solutions, or have l = −m = p, k 23 2 = 2k 22 k 33 , which after coordinate scalings gives the metric
where is equal to ±1. This latter metric is a plane wave: ∂ x is covariantly constant and the same method used in the example in the [3] case shows that in a canonical tetrad dΨ 4 is parallel to the PND. Alternatively, extending the coordinate patch by defining t = e pw we find that the homothety in the coordinates {t, x, y, z} is t∂ t +2x∂ x +y∂ y and so has a non-isolated fixed point, which implies that the metric on the extended patch is a plane wave [1] , [5] and hence it is so on the original patch.
(2) For [z,z, 1] if k 3 = 0 (no term in dz 2 in rotating coordinates) we can set k 4 = 0 and we find that there are no such non-flat, non-singular Ricci flat metrics. 
where as in the [2, 1] case the coordinates will be allowed to be complex to account for the signature.
We use a tetrad with w1 ± (w2 + aw3) as "real" and null, w4 ± i w3 "complex" and null. Then F ≡ 9Λ + Φ 11 + Φ 00 = 0 implies that (2q + l − p)(2q + l) = 0 and Φ 01 − Φ 10 = 0 implies that a 2 (l − q) = 0; however, if q = l then Φ 01 + Φ 10 = 0 implies that a = 0. So a = 0, and from F = 0 either l = −2q -which implies q = 0 and leads only to flat metrics -or p = 2q + l and then q = −2l, which yields the type D metric
This metric is also Kasner, as is easily seen on transforming back to Petrov coordinates. 
Diagonal T with Degeneracy
We find that the important vacuum field equation is again 9Λ + Φ 11 + Φ 00 = 0; this implies that (2k + l − p)(l + 2k) = 0. The case l = −2k leads only to flat metrics, and p = 2k + l leads to a diagonal metric -Kasner type D in fact.
General diagonal T
We use the forms from equation (14) 
where 1 + a 2 , 1 + b 2 and 1 + c 2 are non-zero, and in the rotating coordinates the metric
where b = 0 and the non-vanishing of the diagonal terms of the metric in Petrov coordinates implies that in rotating coordinates 1 + a 2 + b 2 + c 2 = ±2ab. In both cases a, b and c may be complex. Note that the metric in these latter coordinates is diagonal in Petrov coordinates iff a 2 + 1 − (s/r)b 2 = c = 0. Non-degeneracy of the metric implies that in Petrov coordinates 1 + abc = 0 and in rotating coordinates b = 0. Note that in the calculations that follow we will not assume reality of the metric or any coordinates or metric components, and this freedom will account for the signature.
In both systems of coordinates the important field equation is again 9Λ + Φ 11 + Φ 00 = 0 which yields (S − p)S = 0 where S = k + l + m (in Petrov coordinates) or S = 2q + l (in rotating coordinates) is essentially the trace of T . The two cases generated by this equation of course correspond (in that S = 0 in Petrov iff S = 0 in rotating coordinates). It turns out that the symmetric case p = S is best dealt with in the more symmetric Petrov coordinates and S = 0 in the rotating coordinates. We consider these cases separately. To simplify the field equations let p = P − 3q and a 2 = (s/r)b 2 + nb − 1 for some P , n. If n = 0 we quickly find that c = 0, which was considered above, so we assume n = 0. Then from C we have P in terms of r, s, n and q; from D we have q in terms of r, s, n, a and b and then B gives an expression for c 2 in terms of r, s, n and b. If we now consider the numerator of Φ 01 − Φ 10 then we get an expression for b as a ratio of polynomials in r, s and n. Using this expression for b the only remaining field equation is essentially Φ 00 which yields the only possible metric with n 2 = −8r/s, a 2 = −1/8, b = −7/n, c 2 = 7r/s, p = l = −2s/an and q = s/an. It only remains to identify this metric. Because the metric may be complex, we must treat left and right halves of the metric separately. We find for the metric above that for each 1 ≤ j ≤ 4, Ψ j /Ψ j−1 (components of the left Weyl spinor Ψ ABCD ) and also Ψ j / Ψ j−1 (components of the right Weyl spinor Ψ A B C D ) are independent of j but that these two ratios are not complex conjugates. This implies that the metric is type N on both sides, so we perform a null rotation on each half (see, e.g. [13] ) about w1 − ω2 to put the metric into a Weyl canonical tetrad and then the only non-zero components of the Weyl tensor are Ψ 4 and Ψ 4 . A consideration of the spin coefficients of this tetrad shows that κ = σ = ρ = τ = 0 andκ =σ =ρ =τ = 0 (these two sets are not necessarily conjugates for a complex metric) so that the PND is recurrent. But this implies it is parallel to a covariantly constant vector (whether a real or complex metric) and so the metric is a pp-wave. From Salazar et al [15] this metric must, if real, be a plane wave. It is in fact the plane wave given in section 5 in the [1,1,1] case, as then r = s and 1 + a 2 + b 2 + c 2 = ±2ab.
